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Abstract

The first author of this paper established an approach to study the multivariate spline over arbitrary partition, and presented the
so-called conformality method of smoothing cofactor (the CSC method). Farin introduced the B-net method which is suitable for study-
ing the multivariate spline over simplex partitions. This paper indicates that the smoothness conditions obtained in terms of the B-net
method can be derived by the CSC method for the spline spaces over simplex partitions, and the CSC method is more capable in some
sense than the B-net method in studying the multivariate spline.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

Splines are piecewise polynomials with certain smooth-
ness. The first author of this paper established the basic
theory on multivariate spline over arbitrary partition,
and presented the so-called conformality method of
smoothing cofactor (the CSC method) which is suitable
for studying the multivariate spline over arbitrary partition
[1].

In this paper we take the bivariate spline as an example
to prove that the CSC method and the B-net method are
equivalent over simplex partitions. The CSC method and
the B-net method on bivariate spline spaces are presented
in Section 2. In Section 3, we derive the smoothness condi-
tions over triangulation with the CSC method, which are
the same as the smoothness conditions presented by Farin
[2,3]. Finally, we indicate that the CSC method and the

B-net method are equivalent for multivariate spline spaces
over simplex partitions.

2. Bivariate spline spaces

Let D be a domain in R2, P k the collection of all these
bivariate polynomials with real coefficients and total degree
no more than k, i.e.,

P k :¼ p ¼
Xk

i¼0

Xk�i

j¼0

cijxiyjjcij 2 R

( )

Using a finite number of irreducible algebraic curves to car-
ry out the partition D of the domain D, then the domain D

is divided into N sub-domains d1; . . . ; dN , each of such sub-
domains is called a cell of D. These line segments that form
the boundary of each cell are called the edges, intersection
points of the edges are called the vertices. If two vertices are
two end points of a single edge, then these two vertices are
called the adjacent vertices. The vertices which are not
lying on the boundary of domain D are called interior
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vertices. The space of bivariate spline with degree k and
smoothness l over D is defined by

Sl
k ðDÞ :¼ fs 2 ClðDÞjsjdi

2 P k; i ¼ 1; . . . ;Ng

2.1. The conformality method of smoothing cofactor

Theorem 1. [1]. Let the representation of z ¼ sðx; yÞ on the

two arbitrary adjacent cells Di, and Dj be

z ¼ piðx; yÞ; and z ¼ pjðx; yÞ

where z ¼ piðx; yÞ, and z ¼ pjðx; yÞ 2 P k, respectively. In

order to let sðx; yÞ 2 ClðDi
S

DjÞ, if and only if there is a

polynomial qijðx; yÞ 2 P k�ðlþ1Þd , such that

piðx; yÞ � pjðx; yÞ ¼ ½lijðx; yÞ�lþ1 � qijðx; yÞ ð1Þ

where Di, and Dj have the common interior edge

Cij : lijðx; yÞ ¼ 0

and the irreducible algebraic polynomial lijðx; yÞ 2 P d .

The polynomial qijðx; yÞ defined by Eq. (1) in Theorem 1
is called the smoothing cofactor of sðx; yÞ across Cij from Dj

to Di.
Let A be a given interior vertex over partition D, the

conformality condition at A is defined by
X

A

½lijðx; yÞ�lþ1 � qijðx; yÞ � 0

where
P

A presents the summation of all the interior edges
around A, and qijðx; yÞ is the smoothing cofactor across Cij.

Let A1; . . . ;AM be all the interior vertices over partition
D. The global conformality condition is defined by
X

Av

½lijðx; yÞ�lþ1 � qijðx; yÞ � 0; v ¼ 1; . . . ;M ð2Þ

Theorem 2. [1]. Let D be any partition of D. The bivariate

spline function sðx; yÞ 2 Su
kðMÞ exists, if and only if for every

interior edge, there exists a smoothing cofactor of sðx; yÞ, and

the global conformality condition Eq. (2) is satisfied.

Definition 1. [1]. The partition D is called a cross-cut parti-
tion, if all the edges are lying on some straight lines cross-
cutting domain D. We call a partition to be quasi-cross-cut
denoted by Dqc, if each edge in this partition is either a part
of cross-cut or a part of rays in D.

Definition 2. [1]. The union of all the cells sharing the same
interior vertex V is called the relative region (or star-region)
of the interior vertex V.

Let V N be the solution space corresponding to the con-
formality condition at an interior vertex, where N is the
number of lines passing though this interior vertex, and
having different slopes. The dimension of V N is presented
as follows.

Lemma 1. [4].

dl
k ðNÞ ¼

1

2
k � l� lþ 1

N � 1

� �� �

þ

� ðN � 1Þk � ðN þ 1Þlþ ðN � 3Þ þ ðN � 1Þ lþ 1

N � 1

� �� �
ð3Þ

Theorem 3. [4]. Let Dqc be a quasi-cross-cut partition of a

simply connected region, Dqc have L1 cross-cuts, L2 rays,

and V interior vertices A1; . . . ;AV . Denote by Ni; i ¼
1; . . . ; V the number of cross-cuts, and rays passing through

Ai. We have

dimSl
k ðDqcÞ ¼

k þ 2

2

� �
þ L1

k � lþ 1

2

� �
þ
XV

i¼1

dl
k ðNiÞ

ð4Þ
where dl

kðNÞ is given in Eq. (3).

2.2. The B-net method

The B-net method is suitable for studying the spline
functions over arbitrary simplex partition. Now we intro-
duce the main idea of the B-net method of bivariate spline
spaces over simplices [3].

It is well known that any point x in the plane can be
uniquely expressed in terms of barycentric coordinates with
respect to any nondegenerate triangle M with vertices
v1; v2; v3 (see Fig. 1, left):

x ¼ s1v1 þ s2v2 þ s3v3

where s :¼ ðs1; s2; s3Þ is usually normalized by the
requirement

s1 þ s2 þ s3 ¼ 1

and the coefficients s :¼ ðs1; s2; s3Þ are called the barycen-
tric coordinates of x over the triangle M.

We have

s1 ¼
detðv2 � x; v3 � xÞ

detðv2 � v1; v3 � v1Þ
; s2 ¼

detðv1 � x; v3 � xÞ
detðv1 � v2; v3 � v2Þ

;

s3 ¼
detðv1 � x; v2 � xÞ

detðv1 � v3; v2 � v3Þ
An important property of barycentric coordinates is

affine invariance.

1v

2v
3v

x

1v

2v

3v

1̂v

T
T̂

Fig. 1. Triangle M (left) and two adjacent triangles, T and bT (right).
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Let
k :¼ ðk1; k2; k3Þ; jkj ¼ k1 þ k2 þ k3 ¼ n; k! ¼ k1!k2!k3!.
Bernstein polynomials of degree n over a triangle are
defined by

Bn
kðsÞ ¼

n!

k!
sk ¼ n!

k1!k2!k3!
sk1

1 sk2
2 sk3

3 ; k1 þ k2 þ k3 ¼ n;

ki 2 Zþ; i ¼ 1; 2; 3

There are many properties of Bernstein polynomials [5],
such as

(1) Bn
kðsÞP 0, if s 2 M ¼ ½v1; v2; v3�.

(2)
P
jkj¼nBn

kðsÞ � 1.
(3) fBn

kðsÞ; jkj ¼ ng is a basis of the polynomial space P n.
(4) Bn

kðsÞ has a unique maximum value at point s ¼ k
n.

From property (3), we have

Lemma 2. [5]. Any polynomial P 2 P n can be uniquely

expressed as

P ðsÞ ¼
X

jkj¼n

bkBn
kðsÞ ð5Þ

where fbk; jkj ¼ ng are called the Bézier coordinates of P ðsÞ
over M, the piecewise linear function interpolating to

fðkn ; bkÞ : jkj ¼ ng is called the Bézier net of PðsÞ over M,

B-net for shot.

Let v1; v2; v3 be the vertices of triangle T, and bv1; v2; v3

be the vertices of triangle bT . T and bT have the common
boundary v2v3 (see Fig. 1, right). The smoothness condi-
tions of polynomials of degree n over two adjacent triangles
are presented as follows.

Theorem 4. [3]. Let P ðsÞ and bP ðsÞ denote polynomials of

degree n defined on T ¼ ½v1; v2; v3�, and bT ¼ ½bv1; v2; v3�,
respectively. Let fbk; jkj ¼ ng and fbbk; jkj ¼ ng be the

Bézier coordinates of P ðsÞ over T and bP ðsÞ over bT ,

respectively. A necessary and sufficient condition for P ðsÞ
and bP ðsÞ to be Cr across the common boundary is

b̂kt ¼ bt
k0ðrÞ; t ¼ 0; 1; � � � ; r ð6Þ

where

br
kðrÞ ¼

X

jlj¼r

bkþlBr
lðrÞ; jkj ¼ n� r ð7Þ

r is the barycentric coordinate of bv1 over T,

kt ¼ ðt; k2; k3Þ; k0 ¼ ð0; k2; k3Þ; k2 þ k3 ¼ n� t.

Definition 3. [6]. Let D denote the simplex partition on
domain D, and let C denote the set of control points of a
spline in Sl

k ðMÞ. A subset K # C is a determining set for
Sl

k ðMÞ if

sðxÞ ¼ 0; 8x 2 K) sðxÞ ¼ 0; 8x 2 C

K is a minimal determining set if there is no smaller deter-
mining set.

3. Deriving the B-net method with the conformality method

of smoothing cofactor

By the definition of the barycentric coordinates, we have

Lemma 3. Let bkðŝÞ, and ckðsÞ denote polynomials of degree

k defining over two adjacent triangles bT ¼ ½v̂1; v2; v3� and

T ¼ ½v1; v2; v3�, respectively. Denote by rðr1; r2; r3Þ the

barycentric coordinates of v1 over bT . The relations between

the barycentric coordinates over the adjacent triangles are as

follows

bs1 ¼ r1 � s1; bs2 ¼ r2 � s1 þ s2; bs3 ¼ r3 � s1 þ s3 ð8Þ

3.1. S1
3ðDÞ over two adjacent triangles

Denote by b3ðbsÞ and c3ðsÞ the bivariate polynomials of
degree 3 defining over two adjacent triangles bT ¼ ½bv1; v2; v3�
and T ¼ ½v1; v2; v3�, respectively (see Fig. 2).

Let fbg : jgj ¼ 3g and fck : jkj ¼ 3g be the Bézier coordi-
nates of b3ðŝÞ over bT and c3ðsÞ over T, respectively. Denote
by rðr1; r2; r3Þ the barycentric coordinates of v1 over bT .
The expression of b3ðbsÞ is

b3ðŝÞ ¼
X

jgj¼3

bgB3
gðŝÞ ¼ b3;0;0ŝ

3
1 þ 3b2;1;0ŝ

2
1ŝ2 þ 3b1;2;0ŝ1ŝ

2
2

þ b0;3;0ŝ
3
2 þ 3b0;2;1ŝ

2
2ŝ3 þ 3b0;1;2ŝ2ŝ

2
3 þ b0;0;3ŝ

3
3

þ 3b1;0;2ŝ1ŝ
2
3 þ 3b2;0;1ŝ

2
1ŝ3 þ 6b1;1;1ŝ1ŝ2ŝ3

By Lemma 3, we have

ŝ1 ¼ r1 � s1; ŝ2 ¼ r2 � s1 þ s2; ŝ3 ¼ r3 � s1 þ s3

Denote

m1 ¼ r3
1b3;0;0 þ 3r2

1r2b2;1;0 þ 3r1r
2
2b1;2;0 þ r3

2b0;3;0

þ 3r2
2r3b0;2;1 þ 3r2r

2
3b0;1;2 þ r3

3b0;0;3 þ 3r1r
2
3b1;0;2

þ 3r2
1r3b2;0;1 þ 6r1r2r3b1;1;1

m2 ¼ r2
1b2;1;0 þ 2r1r2b1;2;0 þ r2

2b0;3;0 þ 2r2r3b0;2;1 þ r2
3b0;1;2

þ 2r1r3b1;1;1

m3 ¼ r2
1b2;0;1 þ 2r1r2b1;1;1 þ r2

2b0;2;1 þ 2r2r3b0;1;2 þ r2
3b0;0;3

þ 2r1r3b1;0;2

1v

2v

3v

1̂v
3 , 0 , 0 

2 , 1 , 0 

1 , 2 , 0 

0 , 3 , 0 

2 , 0 , 1 
1 , 0 , 2 

0 , 0 , 3 

1 , 1 , 1 

0 , 2 , 1 

0 , 1 , 2 

1 , 1 , 1 

1 , 2 , 0 
2 , 1 , 0 

3 , 0 , 0 

2 , 0 , 1 

1 , 0 , 2 

Fig. 2. S1
3ðMÞ.
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From Eq. (8),

b3ðŝÞ ¼ m1s
3
1 þ 3m2s

2
1s2 þ 3m3s

2
1s3 þ 3ðr1b1;2;0 þ r2b0;3;0

þ r3b0;2;1Þs1s
2
2 þ 3ðr1b1;0;2 þ r2b0;1;2 þ r3b0;0;3Þs1s

2
3

þ 6ðr1b1;1;1 þ r2b0;2;1 þ r3b0;1;2Þs1s2s3 þ b0;3;0s
3
2

þ 3b0;2;1s
2
2s3 þ 3b0;1;2s2s

2
3 þ b0;0;3s

3
3

The expression of c3ðsÞ is

c3ðsÞ ¼
X

jkj¼3

ckB3
kðsÞ ¼ c3;0;0s

3
1 þ 3c2;1;0s

2
1s2 þ 3c1;2;0s1s

2
2

þ c0;3;0s
3
2 þ 3c0;2;1s

2
2s3 þ 3c0;1;2s2s

2
3 þ c0;0;3s

3
3 þ 3c1;0;2s1s

2
3

þ 3c2;0;1s
2
1s3 þ 6c1;1;1s1s2s3

Notice that the expression of the common boundary v2v3 is
s1 ¼ 0. Let b3ðbsÞ, and c3ðsÞ be C1 across the common
boundary. By Theorem 1, there is a polynomial qðsÞ of de-
gree 1, such that

c3ðsÞ � b3ðbsÞ ¼ qðsÞs2
1

So

c0;3;0 ¼ b0;3;0; c0;2;1 ¼ b0;2;1; c0;1;2 ¼ b0;1;2; c0;0;3 ¼ b0;0;3

c1;2;0 ¼ r1b1;2;0 þ r2b0;3;0 þ r3b0;2;1

c1;0;2 ¼ r1b1;0;2 þ r2b0;1;2 þ r3b0;0;3

c1;1;1 ¼ r1b1;1;1 þ r2b0;2;1 þ r3b0;1;2

It indicates that the necessary and sufficient conditions for
polynomials of degree 3 defining over two adjacent trian-
gles to be C1 across the common boundary are that the Bé-
zier coordinates of the two polynomials satisfy the relations
above. This is the same as Theorem 4.

Moreover, we obtain the expression of the smoothing
cofactor across the common boundary v2v3

qðsÞ ¼ ðc3;0;0 � m1Þs3
1 þ 3ðc2;1;0 � m2Þs2

1s2 þ 3ðc2;0;1 � m3Þs2
1s3

Next, we derive the smoothness conditions obtained from
the B-net method with the conformality method of smooth-
ing cofactor.

3.2. Sl
k ðDÞ over two adjacent triangles

Theorem 5. Let bkðbsÞ and ckðsÞ denote polynomials of
degree k defining over two adjacent triangles bT ¼ ½bv1; v2; v3�
and T ¼ ½v1; v2; v3�, respectively. Let fbg : jgj ¼ kg and

fck : jkj ¼ kg be the Bézier coordinates of bkðbsÞ over bT
and ckðsÞ over T, respectively. Denote by rðr1; r2; r3Þ the

barycentric coordinates of v1 over bT . Let M = bT
S

T ,

sðx; yÞ 2 Sl
k ðMÞ, p1ðx; yÞ, and p2ðx; yÞ be the expressions of

sðx; yÞ over bT and T, respectively, where p1ðx; yÞ and

p2ðx; yÞ 2 P k. Then the following conditions are equivalent to
each other.

(i) There is a smoothing cofactor qðx; yÞ 2 P k�l�1 across
the common boundary v2v3, such that

p2ðx; yÞ � p1ðx; yÞ ¼ qðx; yÞ � lðx; yÞlþ1 ð9Þ

where lðx; yÞ ¼ 0 is the equation of v2v3.
(ii)

ckt ¼ bt
k0ðrÞ; t ¼ 0; 1; � � � ; l ð10Þ

where kt ¼ ðt; k2; k3Þ; k0 ¼ ð0; k2; k3Þ; k2 þ k3 ¼ k � t.

Proof. By Lemma 2, bkðŝÞ and ckðsÞ can be expressed as

bkðŝÞ ¼
X

jgj¼k

bgBk
gðŝÞ ¼

X

jgj¼k

bg
k!

g!
ŝg ð11Þ

and

ckðsÞ ¼
X

jkj¼k

ckBk
kðsÞ ¼

X

jkj¼k

ck
k!

k!
sk ð12Þ

From Eq. (8)

bkðŝÞ ¼
X

jgj¼k

bg
k!

g1!g2!g3!
ðr1 � s1Þg1 ðr2 � s1 þ s2Þg2 ðr3 � s1 þ s3Þg3

¼
X

jgj¼k

bg
k!

g1!g2!g3!
rg1

1 sg1
1

Xg2

i¼0

g2

i

� �
ri

2s
i
1s

g2�i
2

Xg3

j¼0

g3

j

� �
rj

3s
j
1s

g3�j
3

¼
X

jgj¼k

bg
k!

g1!g2!g3!

Xg2

i¼0

Xg3

j¼0

g2

i

� �
g3

j

� �
rg1

1 ri
2r

j
3s

g1þiþj
1 sg2�i

2 sg3�j
3

¼
X

jgj¼k

bg
k!

g1!

Xg2

i¼0

Xg3

j¼0

1

ðg2 � iÞ!ðg3 � jÞ!i!j! r
g1
1 ri

2r
j
3s

g1þiþj
1 sg2�i

2 sg3�j
3

Denote

r :¼ ðr1; r2; r3Þ :¼ ðg1; i; jÞ; j r j¼ k1; g2 � i ¼ k2; g3 � j ¼ k3

It is clear that

g2 ¼ k2 þ i; g3 ¼ k3 þ j;

g :¼ ðg1; g2; g3Þ :¼ ð0; k2; k3Þ þ ðr1; r2; r3Þ

So bkðŝÞ can be simplified as

bkðŝÞ ¼
X

jkj¼k

X

jrj¼k1

bg
k!

r!k2!k3!
rrsk

¼
X

jkj¼k

X

jrj¼k1

bð0;k2;k3Þþðr1;r2;r3Þ
k!

r!k2!k3!
rrsk ð13Þ

Comparing Eq. (12) with Eq. (13), we have

ckðsÞ � bkðŝÞ ¼
X

jkj¼k

ck

k1!
�
X

jrj¼k1

bð0;k2;k3Þþðr1;r2;r3Þ
1

r!
rr

 !
k!

k2!k3!
sk

Let k1 ¼ t, then

ckðsÞ � bkðŝÞ ¼
Xk

t¼0

X

jkj¼k

ckt � bt
k0ðrÞ

� � k!

t!k2!k3!
st

1s
k2
2 sk3

3

¼
Xl

t¼0

X

jkj¼k

ckt � bt
k0ðrÞ

� � k!

t!k2!k3!
st

1s
k2
2 sk3

3

þ
Xk

t¼lþ1

X

jkj¼k

ckt � bt
k0ðrÞ

� � k!

t!k2!k3!
st

1s
k2
2 sk3

3 ð14Þ
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Deriving (ii) with (i). There is a smoothing cofactor
qðx; yÞ 2 P k�l�1 across the common boundary v2v3, such that

p2ðx; yÞ � p1ðx; yÞ ¼ qðx; yÞ � lðx; yÞlþ1

where lðx; yÞ ¼ 0 is the equation of v2v3, and its barycentric
coordinate over T is s1 ¼ 0. So the first part of Eq. (14)
should be zero, that is

ckt ¼ bt
k0ðrÞ; t ¼ 0; 1; � � � ; l

where
jkj ¼ k; kt ¼ ðt; k2; k3Þ; k0 ¼ ð0; k2; k3Þ; k2 þ k3 ¼ k � t.

Deriving (i) with (ii). It is known that

ckt ¼ bt
k0ðrÞ; t ¼ 0; 1; . . . ; l; jkj ¼ k; kt ¼ ðt; k2; k3Þ;

k0 ¼ ð0; k2; k3Þ; k2 þ k3 ¼ k � t

So the first part of Eq. (14) is zero. Moreover, there is a
polynomial

qðsÞ ¼
Xk

t¼lþ1

X

jkj¼k

ðckt � bt
k0ðrÞÞ

k!

t!k2!k3!
st�l�1

1 sk2
2 sk3

3

such that

ckðsÞ � bkðŝÞ ¼ qðsÞslþ1
1

Obviously, qðsÞ is the smoothing cofactor across the com-
mon boundary v2v3.

Theorem 5 indicates that both the existence of the
smoothing cofactor and the smoothness conditions
obtained from the B-net method are equivalent over two
adjacent triangles. h

3.3. Sl
k ðD�Þ on the star-region over triangulation

Let D� be a triangulation shown in Fig. 3, and V 0 be the
common vertex of triangles T 1; T 2, and T 3. Denote by

r1ðr11; r12; r13Þ; r2ðr21; r22; r23Þ; and r3ðr31; r32; r33Þ the
barycentric coordinates of three vertexes V 3; V 1; and V 2

over T 1; T 2; and T 3, respectively. We have

Lemma 4.

r11r21 ¼ 1; r12r31 ¼ 1; r23 ¼ �1; r11 ¼ r13

r32 ¼ r33; r12 þ r11r22 ¼ 0; r13 þ r12r32 ¼ 0
ð15Þ

Proof. Let bðiÞðsiÞ ðsi :¼ ðsi1; si2; si3Þ; i ¼ 1; 2; 3Þ be the
polynomials of degree k defining over T i. By Lemma 3,
we have

s11 ¼ r11s21; s21 ¼ s31 þ r21s32;

s31 ¼ r31s12; s32 ¼ s11 þ r32s12

So

s11 ¼ r11ðs31 þ r21s32Þ ¼ r11s31 þ r11r21s32

¼ r11r31s12 þ r11r21ðs11 þ r32s12Þ
¼ r11r21s11 þ ðr11r31 þ r11r21r32Þs12

Obviously, r11r21 ¼ 1. Others can be proved similarly. h

1V

2V

3V

0V

1T 2T

3T

Fig. 3. Triangle M�.
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We can get some conditions of the Bézier coordinates
between two adjacent simplexes which satisfy certain
smoothness. Then we find all the conditions of the Bézier
coordinates over the whole partition. Taking S1

3ðD�Þ for
example (see Fig. 4), K is one of minimal determining sets
[6] for S1

3ðD�Þ, where jKj ¼ 12, we mark all the control points
belonging to K with �. We also have dimS1

3ðD�Þ ¼ 12 by The-
orem 3.

Theorem 6. Suppose that V 0 is the common interior vertex of

triangles T 1; T 2, and T 3 in the partition D�. Let bðiÞðsiÞ
denote polynomials of degree k defining over T i, and

sjT i
¼ bðiÞðsiÞ; si :¼ ðsi1; si2; si3Þ; i ¼ 1; 2; 3. Denote by

r1; r2; and r3 the barycentric coordinates of three vertices

V 3; V 1; and V 2 over T 1; T 2; and T 3, respectively. Then

the following propositions are equivalent:

(I) s 2 Sl
k ðD�Þ.

(II) There are smoothing cofactors qiðx; yÞ 2 P k�l�1;
i ¼ 1; 2; 3 such that

X3

i¼1

qiðx; yÞliðx; yÞlþ1 ¼ 0

where liðx; yÞ ¼ 0; i ¼ 1; 2; 3 are the equations of V 0V i;
i ¼ 1; 2; 3.
(III)

bð2Þ
kt ¼ bð1Þtð0;k2;k3Þðr1Þ; bð3Þgt ¼ bð2Þtðg1;0;g3Þðr2Þ;

bð1Þ
nt ¼ bð3Þtð0;n1;n3Þðr3Þ; t ¼ 0; 1; � � � ; l ð16Þ

Proof. The equivalence of (I) and (II) can be obtained by
Theorem 2 directly. Moreover, we can derive (III) with (II)
by Theorem 5.

Now we will derive (II) with (III). By the proof of
Theorem 5, we know that the expressions of qi; i ¼ 1; 2; 3
are

q1ðs2Þ ¼
Xk

t¼lþ1

X

jkj¼k

bð2Þ
kt � bð1Þtð0;k2;k3Þðr1Þ

� 	 k!

t!k2!k3!
st�l�1

21 sk2
22s

k3
23

ð17Þ

q2ðs3Þ ¼
Xk

t¼lþ1

X

jgj¼k

bð3Þgt � bð2Þtðg1;0;g3Þðr2Þ
� 	 k!

g1!t!g3!
sg1

31s
t�l�1
32 sg3

33

ð18Þ

q3ðs1Þ ¼
Xk

t¼lþ1

X

jnj¼k

bð1Þ
nt � bð3Þtð0;n1;n3Þðr3Þ

� 	 k!

n1!t!n3!
sn1

11s
t�l�1
12 sn3

13

ð19Þ
By Lemma 3, we have

s21 ¼ s31 þ r21s32; s22 ¼ r22s32; s23 ¼ s33 þ r23s32 ð20Þ
s21 ¼ r21s11; s22 ¼ s12 þ r22s11; s23 ¼ s13 þ r23s11 ð21Þ
s31 ¼ r31s12; s32 ¼ s11 þ r32s12; s33 ¼ s13 þ r33s12 ð22Þ

Using the barycentric coordinates, the expressions
of liðx; yÞ ¼ 0; i ¼ 1; 2; 3 are

l1ðx; yÞ ¼ 0 : s21 ¼ 0; l2ðx; yÞ ¼ 0 : s32 ¼ 0;

l3ðx; yÞ ¼ 0 : s12 ¼ 0

Substituting Eq. (22) into Eq. (18), we have

q2ðx; yÞl2ðx; yÞlþ1 ¼ q2ðs3Þslþ1
32

¼
Xk

t¼lþ1

X

jgj¼k

bð3Þgt

k!

g1!t!g3!
ðr31s12Þg1ðs11 þ r32s12Þt

� ðs13 þ r33s12Þg3 �
Xk

t¼lþ1

X

jgj¼k

bð2Þtðg1;0;g3Þðr2Þ

� k!

g1!t!g3!
sg1

31s
t
32s

g3
33 ¼

Xk

t¼lþ1

X

jgj¼k

Xt

i¼0

Xg3

j¼0

bð3Þðg1 ;t;g3Þ

� k!

g1!i!j!ðt � iÞ!ðg3 � jÞ! r
g1
31r

i
32r

j
33s

t�i
11 sg1þiþj

12 sg3�j
13

�
Xk

t¼lþ1

X

jgj¼k

bð2Þtðg1 ;0;g3Þðr2Þ
k!

g1!t!g3!
sg1

31s
t
32s

g3
33 ð23Þ

Denote

r :¼ ðr1; r2; r3Þ ¼ ðg1; i; jÞ; n1 ¼ t � i; n3 ¼ g3 � j;

n :¼ ðn1; t; n3Þ; t0 ¼ g1 þ iþ j

It is obvious that we have

g1 ¼ r1; t ¼ n1 þ r2; g3 ¼ n3 þ r3

From Eqs. (15) and (16), the representation Eq. (23) can be
simplified as

q2ðx; yÞl2ðx; yÞlþ1 ¼
Xk

t0¼lþ1

X

jnj¼k

X

jrj¼t0
bð3Þðr1;n1þr2;n3þr3Þ

t0!
r!

rr
3

� k!

n1!t!n3!
sn1

11s
t0

12s
n3
13

�
Xk

t¼lþ1

X

jgj¼k

bð2Þtðg1;0;g3Þðr2Þ
k!

g1!t!g3!
sg1

31s
t
32s

g3
33

¼
Xk

t0¼lþ1

X

jnj¼k

bð3Þt
0

ð0;n1;n3Þðr3Þ
k!

n1!t!n3!
sn1

11s
t0

12s
n3
13

�
Xk

t¼lþ1

X

jgj¼k

bð2Þtðg1;0;g3Þðr2Þ
k!

g1!t!g3!
sg1

31s
t
32s

g3
33

In a similar way, we have

q3ðx; yÞl3ðx; yÞlþ1 ¼ q3ðs1Þslþ1
12

¼
Xk

t¼lþ1

X

jkj¼k

bð1Þtð0;k2;k3Þðr1Þ
k!

t!k2!k3!
st

21s
k2
22s

k3
23

�
Xk

t¼lþ1

X

jnj¼k

bð3Þtð0;n1;n3Þðr3Þ
k!

n1!t!n3!
sn1

11s
t
12s

n3
13
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and

q1ðx; yÞl1ðx; yÞlþ1 ¼ q1ðs2Þslþ1
21

¼
Xk

t¼lþ1

X

jgj¼k

bð2Þtðg1;0;g3Þðr2Þ
k!

g1!t!g3!
sg1

31s
t
32s

g3
33

�
Xk

t¼lþ1

X

jkj¼k

bð1Þtð0;k2;k3Þðr1Þ
k!

t!k2!k3!
st

21s
k2
22s

k3
23

Therefore

q1ðx; yÞl1ðx; yÞlþ1 þ q2ðx; yÞl2ðx; yÞlþ1 þ q3ðx; yÞl3ðx; yÞlþ1

¼ q1ðs2Þslþ1
21 þ q2ðs3Þslþ1

32 þ q3ðs1Þslþ1
12 ¼ 0 �

By Theorem 5 and Theorem 6, we have

Theorem 7. For any given simplex partition, the smoothness

conditions obtained, respectively, by the conformality method

of smoothing cofactor and the B-net method are equivalent.
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